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ABSTRACT
The main result of this paper is that if a sequence of complex numbers
(an)n>o satisfies

n

i " ar =0(n") and Z " ar =0(n") asn— oo,
Py (%) (i)

k=0
k odd

for some integer r > 0, then an, = 0 for all n > r. As an application, we
deduce a localized form of a theorem of Allan about nilpotent elements in
Banach algebras, and this in turn leads to an invariant-subspace theorem.
As a further application, we prove a variant of Carleman’s theorem on the
unique determination of probability distributions by their moments. The
paper concludes with a quantitative form of the main result.
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1. Introduction

Let (a,)n>0 be a sequence of complex numbers, and let r > 0. Clearly, if a, =0

for all n > r, then

n

Z (Z) ar =0(n") asn— .
k=0

The converse is false. For example, the sequence a, = (—1)" satisfies

n

n
Z (k)ak =(1+(-1)"=0 foralln>1,
k=0
but a,, does not even tend to zero. There is however a partial converse, which,
in view of the example above, is perhaps a little surprising.

THEOREM 1.1: Let (an)n>0 be a sequence of complex numbers, and let v be a
non-negative integer. Assume that

(1) zn: (Z) ar =O(n") and Xi: (Z) ar = O(n") asn — oo.

k=0
k even k odd

Then an = 0 foralln > r.

This theorem is the focal point of the paper. We present a short proof of it
in §2 using the theory of entire functions of exponential type. Then, in §3, we give
an application to Banach algebras, which leads to a theorem on invariant sub-
spaces. A further application, to the determination of probability distributions,
is outlined in §4. In §5, we give a second proof of Theorem 1.1 which, though
longer, is more ‘elementary’ than the first, and has the advantage that it yields
a quantitative version of the theorem. Finally, in §6, we make some concluding
remarks and pose a few questions.

2. Proof of Theorem 1.1

An entire function f: C — C is of exponential type if

1
T = limsupo—gl—fﬂ < 00

|z|—+o00 |2 ’

in which case 7 is called the type of f. If further 7 = 0, then f is said to be
of minimal exponential type. We refer to Boas’s book [3] for background on
entire functions. In particular, we shall have recourse to the following version of
the Phragmén-Lindel6f principle.
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PHRAGMEN-LINDELOF PRINCIPLE ([3, Theorem 6.2.13]): Let f be an entire
function of minimal exponential type, and let r > 0. Suppose that, on the real
axis, f(z) = O(|z|") as ¢ = too. Then f is a polynomial of degree at most r.

Proof of Theorem 1.1: Consider the expression

>.a
n n
a(z) =) % PR
n=0
We shall show successively that this defines an entire function of exponential
type, that it is of minimal exponential type and, finally, that it is a polynomial
of degree at most r, which will yield the desired conclusion.
For n > 0, set

The hypotheses on (a,) ensure that both b,,c, = O(n") as n — co. Hence, if
we set

- b'n, = 1
b(z) = z ~n—'z" and ¢(z) = Z %z",
n=0 n=0

then b and c¢ are entire functions of exponential type at most 1. Comparing
coefficients of 2™ in the identities e*(e~*b(2)) = b(z) and e™*(e*¢(2)) = c(z), we
see that both e~?b(2) and e*¢(z) have the same coeflicients as a(z), and therefore

(2) a(z) = e *b(z) = e*c(2) (2€C).

In particular, a too is an entire function. Further, (2) implies that a? = bc, and
therefore a is also of exponential type at most 1.

We next show that a is in fact of minimal exponential type. To this end, we
consider the Laplace transforms A, B, C of a, b, ¢ respectively. Thus, for example,

A(Q) = /000 a(z)e™*¢ dz.

Since a,b,c are all of exponential type at most 1, it follows that A, B,C are
well-defined and holomorphic in {¢: Re( > 1}. Moreover, for Re{ > 1,

3) A(g):/ (Z“" n) —szz—Z / z"e r<da:—zcﬂ+1,
n=0

n=0
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with analogous expansions for B, C. Using standard properties of Laurent series,
it follows that A, B,C extend holomorphically to {{: [¢(| > 1}. Now, taking
Laplace transforms in (2) gives, for Re{ > 1,

AQ)=B(+1)=C(~1).
Therefore A in fact extends holomorphically to {¢: |¢+1] > 1}U{¢: |¢—1| > 1},
in other words, to C ~{0}. In conjunction with the Laurent expansion (3), this
implies that
lan|Y™ -0 asn— oo

It follows that a is of minimal exponential type.
Finally, we show that a is a polynomial. For z > 0, we have

|<2:|b"l "<Z K(ntr)(n+1) " = K(z"e®)",
n n=0

where K is a constant independent of z. Therefore, using (2) again,
la(z)| = |e®b(z)] < Ke~*(z"e®)") = O(z") as z — oo.

A similar calculation with ¢(z) in place of b(z) shows that a(z) = O(|z|") as
z — —00. As a is of minimal exponential type, we can apply the Phragmén-
Lindelof principle cited earlier to deduce that a is a polynomial of degree at
most r. Hence a,, = 0 for all n > r, and the proof is complete. ]

We conclude this section with a ‘little o’ version of Theorem 1.1. It is actually
a simple consequence of the ‘big O’ form.

COROLLARY 2.1: Let (a,)n>0 be a sequence of complex numbers, and let v be
a non-negative integer. Assume that

En:(:)k—o and Z()k—onr) as n —» 0o.

k=0
k even k odd

Then a, =0 for alln > r.

Proof: From Theorem 1.1 we already have a, = 0 for all n > r, so it only
remains to show that a, = 0. Now, for all n > r, we have
n r-1
n n n
() =2 @) 2 ()=
k=0 k=0
The first term on the right-hand side is o(n") by hypothesis, and the second term

is even O(n"~!) (or = 0 if r == 0). Therefore the left-hand side is also o(n"), and
this can only happen if a, = 0. |
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3. Application to Banach algebras and invariant subspaces

Recently, Allan [1] proved the following lemma of Gelfand-Hille type, which he
used to give an improved version of a result of Kalton [4] on sums of idempotents.

ALLAN’S LEMMA ([1, Lemma 3]): Let A be a Banach algebra with identity 1,
let z € A, and suppose that, for integers m > 0, r > 0,

(4) ||.'z:m (1+2)" -1 -=)") ” =0(n") asn - co.

Then z™t™+2 = 0 if r is odd, while z™t™+! = 0 if r is even. Moreover, if r is
odd and if
[z™((1+2)" = (1 —2z)")|| =o(n") asn— oo,

then ™" = 0.

Theorem 1.1 and Corollary 2.1 permit us to prove a localized form of this result.
{(Here, and in what follows, E* denotes the dual space of a Banach space E.)

THEOREM 3.1: Let A be a Banach algebra with identity 1, let x € A and let
@ € A*. Suppose that, for some integer r > 0,

%) e(1+z)"—(1-2)") =0(n") asn— oo.
Then ¢(z™) = 0 for all odd integers n > r. If further
e(Q1+2)*—(1-2)") =o(n") asn— oo,

then p(z™) = 0 for all odd integers n > r.
Proof: Observe that

e((L+2)" - (1-2z)") =2Z ( )(p(:c

k odd

The result therefore follows by applying Theorem 1.1 and Corollary 2.1 to the
sequence

_ {w(w"), n odd,
ay =
0, n even.

Allan’s lemma is an easy consequence of Theorem 3.1. Indeed, given z,m,r
satisfying (4), take 9 € A* and define p € A* by

o(y) =9(=™y) (y € A).
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Then (5) holds, so applying Theorem 3.1 we deduce that ¢(z™+") = 0 for all odd
integers n > r. As 9 is arbitrary, it follows that ™*" = 0 for all odd integers
n > r. This gives the O(n") part of the result, and the o(n") part is proved
similarly.

It is much less clear whether Theorem 3.1 can be deduced from Allan’s result.
Allan’s proof begins by showing that (4) implies that z is quasi-nilpotent, which
fact he then exploits via elementary spectral theory and entire function theory
to obtain the desired conclusion. However, the weaker hypothesis (5) no longer
implies that z is quasi-nilpotent, so a proof of Theorem 3.1 has to proceed along
different lines. It was the search for a proof independent of spectral theory which
eventually led to a result purely about complex numbers, Theorem 1.1. It should
be added, however, that the last part of the proof of Theorem 1.1 (using the
Phragmén-Lindel6f principle) owes much to Allan’s paper.

Because the proof of Theorem 3.1 uses no spectral theory, it is just as valid
for real Banach algebras as for complex ones, and hence so too is the deduction
of Allan’s lemma. Perhaps more interestingly, Theorem 3.1 also leads to the
following invariant-subspace theorem. (We use the usual notation (-, -) for duality,
and [ for the identity operator.)

THEOREM 3.2: Let E be a (real or complex) infinite-dimensional Banach space,
and let T be a bounded linear operator on E. Suppose that there exist a non-zero
¢ € E, a non-zero 1y € E* and an integer r > 0 such that

(Yo, (I +T)" = (I =T)")éo) = O(n") asn — co.

Then T? has a non-trivial closed invariant subspace.

Proof: The result is obvious if T = 0, so we can suppose that 7' # 0. Further, if
T is not injective, then ker(T') is a non-trivial closed T%-invariant subspace, and
we are done. So we may as well assume from the outset that T is injective.

Let A be the Banach algebra of bounded linear operators on E, let £ =T and
let ¢ € A* be given by

@(S) = (%o, S&) (S€A).

Then the hypothesis on T implies that (5) holds, so we can apply Theorem 3.1
to conclude that (19, T"&p) = 0 for all odd integers n > r. Let M be the closed
linear span of {T™&: n odd,n > r}. Then M is a closed T?-invariant subspace
of E. Further, M # 0 since T is injective, and M # E since ¥o(M) = 0. Thus
M is the required subspace. |
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There is also a version of Theorem 3.1 in which the central ‘—’ is replaced
by ‘+.
THEOREM 3.3: Let A be a Banach algebra with identity 1, let x € A and let
¢ € A*. Suppose that, for some integer r > 0,
p(l+2)"+(1—2)*) =0(n") asn — oo.
Then ¢(z™) = 0 for all even integers n > r. If further

e(Q1+2)"+(1-2)") =o(n") asn— oo,

then ¢(z™) = 0 for all even integersn > r.

Proof: This time

o1+ +a-am) =2 3 (3)ela)

k even

so the result follows by applying Theorem 1.1 and Corollary 2.1 to the sequence

_ Jole"), neven,
on = {o, nodd. ¥

Both Allan’s lemma and Theorem 3.2 likewise have ‘4’ analogues, which we
shall not state here. Finally, putting the ‘—’ and the ‘4’ results together, we
obtain an invariant-subspace theorem for T' (rather than merely for 772).

THEOREM 3.4: Let E be a (real or complex) infinite-dimensional Banach space,
and let T' be a bounded linear operator on E. Suppose that there exist a non-zero
& € E, a non-zero ¢y € E* and an integer r > 0 such that both

(Yo, (I +T)"&) =O(n") and (9o, (I - T)"&) =O0(n") asn — oo.

Then T has a non-trivial closed invariant subspace.

Proof: This follows the same lines as the proof of Theorem 3.2. As before, we
can suppose that T is injective. This time, applying both Theorems 3.1 and 3.3,
we have (1, T"&) = 0 for all integers n > r. Let M be the closed linear span of
{T™&: n > r}. Then M is now T-invariant and, as before, M # 0 and M # E.
[ |
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4. Application to probability distributions

It is well known that a probability distribution on R is uniquely determined by
its moments, provided that they are finite and do not grow too rapidly.

CARLEMAN’S THEOREM (see e.g. [5, p. 126]): Let i1, v be Borel probability mea-
sures on R all of whose moments are finite. Suppose that, for each n > 0,

Sp = /oo t"du(t) = /oo t" dv(t),

— o0 —o0

and further, that
o0
Z S;n1/2n - .
n=1

Then p = v.

In this section, we prove an analogue of Carleman’s theorem for the complex
moments [, (1+14t)™ du(t), but with the added twist that, even if the moments
f fooo(l +it)™ du(t) are only ‘approximately’ equal to those of g, then still p = v.
Here is the precise result.

THEOREM 4.1: Let p, v be Borel probability measures on R all of whose moments
are finite. Suppose that, for some integer r > 0,

Z, = / " (4 it)" dut) = / T+t dvt) + Om) asn— oo,

oo —o0

and further, that

(6) > 1Zan| /2" = 0.
n=1

Then p = v.

The proof of Theorem 4.1, like that of Carleman’s theorem, is based on the
theory of quasi-analytic classes. We refer to Koosis’s book [5, Chapter IV] for
backgrcund in this subject. In particular, we shall need a slight variant of the
Denjoy-Carleman theorem. To state it, we adopt the notation of [5, p. 79}:
given a subinterval I (bounded or unbounded) of R, and a sequence (Mp)n>0 of
positive numbers, we write C;({ M, }) for the family of all C*°-functions f: I — C
satisfying

If™ (@) < espfMn (s €1, n20),

where ¢y, py are constants depending on f.
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LEMMA 4.2: Let (My)n>0 be a sequence of positive numbers satisfying

(1 Mo=1, M}<My Mnyy (n21) and > M;'"=co.

n=1

Let f € Cr({Myn}), and suppose that, for some integer r > 0,
f™0y=0 foralln>r.

Then f is constant on R.

Proof: Define g: R — C by

. fk)
@) =10 -3 0k pem),

i
Then g € C*°(R) and ¢(™(0) = 0 for all n > 0.

Now let I be an interval containing 0. Then certainly f|I € C;({M,}). If,
further, I is bounded, then C;({My}) contains the polynomials, and hence also
g|I € Ci({M,}). The standard form of the Denjoy—Carleman theorem (see e.g.
[5, p- 97]) now allows us to conclude that g|I = 0. As this holds for every bounded
interval I containing 0, it follows that g =0 on R.

Thus f is a polynomial. But also f is bounded on R, since, by definition of
Cr{{M,}), we have |f(zx)| < ¢y for all z. Therefore, finally, f is constant on R.
|

Proof of Theorem 4.1: First observe that, for each n > 0,

/ T+ ity dult) - /_ 2(1 +it)" du(t) = i (Z)zk / (= v)(t).

By hypothesis, the left-hand side is O(n") as n — oco. Hence, taking real and
imaginary parts of the right-hand side, it follows that

n

> () [t a0 =0 ma 3 (1) [t = 060

k=0
k even k odd

Applying Theorem 1.1, we deduce that

(8) /oo t"d(p—v)(t)=0 foralln>r.

—o
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The rest of the proof follows the same lines as that of Carleman’s theorem.
For n > 0, define

M=y [ Z " (i + 1)),

We claim that the sequence (Mp,)n>o satisfies the conditions (7) of Lemma 4.2.
Indeed, that My = 1 is clear, and M,Zl < M,_1M, 41 for n > 1 by Holder’s
inequality. The verification of the remaining condition } .7 | My, n — xisa
bit more technical, and is postponed to the end of the proof. Assuming this for
the moment, define f: R — C by

fo)=3 [ e®du-n @eh),
Then f € C*(R) and, for each n > 0,
9@ =3 [ ioretdu-n) @eR),

2 —00
In particular,

n 1
IR

o

" dp+v)(t) =Mp (z€R, n20),

so f € Cr({M,}). Also, using (6), we have
™) = % /;o:o(—it)" dp—v)(t)=0 foralin>r

Applying Lemma 4.2, we deduce that f is constant. Moreover, as p and v are
both probability measures,

=0.

DO =
N =

f(o>=5/°°1d(u—u>=

-0

Thus f = 0, or in other words,

/—o:o e du(t) = /_0:0 e du(t) (¢ € R).

Finally, by the uniqueness theorem for Fourier transforms, we conclude that
i = v, as desired.
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It remains to justify the claim that > | M, /™ = 5. We argue by contra-

diction. Suppose, if possible, that Y oo My Un < . By Hélder’s inequality,
/

the sequence M, Un g decreasing, and hence, for each n > 1,

2n oo
—~1/2n —~1/k —1/k
nMy, < ST MR < ST MR,
k=n+41 k=n+1

In particular, it follows that
(9) My 50 asn— 0.

Now, for each n > 1,
Zanl =| [ 6= i dute)
> [ Ref-ifydue) - [ =i duto)
|t|>4n [t|<4n

> / £20 Re((1 — i/4)?") du(t) — (57)%".
[t|>4n

For |t]| > 4n, we have

|arg(1L — i/t)*"| = |2narg(1 — i/t)| < 2n/[t| < % < %,
and consequently
.20 REL 1 2n 1 1
Re((1 —i/t)*) > cos(n/3)|1 —i/t|™" > 5(1 -1/ > 5(1 —2n/lt]) > i

Hence

oo

|%ﬂzsz4#dmw—wmzzz/ £n du(t) — 5 (4n)" — (5m)P".
t|>4n

—o0

Now by (8), if 2n > r then

/ " () = % / 0 4+ 1) (8) = Man.

—00 —00

Substituting this into the previous inequality, and rearranging, we obtain

My, < 4|Z2,) + (40)*™ + 4(50)°"  (n > 1/2).
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Taking 2n-th roots, and using the fact that (a + b)1/?" < a1/2» 4 b1/2% valid for
all a,b > 0, gives

MP™ < g1/%0) 72, V2% 4 4 4 42780 < 4] Z5, |V + 240 (> 7/2).

After dividing through by M21 / 2"|Z2n|1/ 2n this becomes

| Zon |7/ < AMGYP™ + 240 M5 M| Zoy |72 (n> 1/2).

By (9), there exists an integer ng such that 24nM2_n1/ < 2 for all n > ng.

Therefore 1

5|2l 72" < aM;M? (n > max(r/2,ng)).

Thus from the supposition ) ;- , Mn Y™ < o0, it follows that 3°°° | | Zn|~1/2" <
00, contrary the hypothesis (6) of the theorem. So finally we conclude that
S My /™ = 5, as claimed, and the proof of the theorem is complete. |

5. A quantitative theorem
This section is devoted to the following quantitative version of Theorem 1.1.
THEOREM 5.1: Let (an)n>0 be a sequence of complex numbers, and for n > 0

set n "
n n
Up = Z (k)ak and v, = ; (k)ak'

k=0
k even k odd

Suppose that there exist a real number 8 > 1 and an integer v > 0 such that, for
alln >0,

(10) |un] < B (n+1)" and |v,| <" (n+1)".
Then, for alln > r,

C(O,ﬂ)a"(l +log(n+1)), ifr=0,
(1) lan] < { C(r, B)a™ " (n + 1), ifr>1,

where
(12) a=+/B2-1 and C(r,B)=rI(V2e)(1+1/V2)rH1gxr+1.

In particular, taking 8 = 1, we have & = 0, and thus we recover Theorem 1.1
as a special case (Theorem 5.1 is expressed in terms of powers of 741 rather than
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of n as a matter of convenience, since this avoids the necessity of making separate
statements for n = 0). The proof of Theorem 5.1 is based on Cauchy’s integral
formula, so in fact it provides a second proof of Theorem 1.1, independent of the
theory of entire functions.

More generally, no matter what the value of 3, Theorem 5.1 shows that, start-
ing from the estimates (10) for u,,v,, one always obtains an analogous esti-
mate (11) for a,, but with 3 replaced by the ‘improved’ value o = \/ﬁ2—~—f
There remains an exceptional case r = 0, where an extra log(n + 1) appears
n (11). We do not know if this is really necessary.

That the value a given in (12) is sharp is easily seen from the following example.
Fixr >0, ﬂZI,andsetvz\/Bt-l. For n > 0 set

ap,=n(n—-1)---(n—r+1)(iy)".

Then

n

un =ReY <:>k(k— 1) (k—r+1)(iy)*

k=0
=Ren{n—-1)---(n—r+ 1)1 +¢y)"",

with an analogous expression for v, using imaginary parts. Thus (10) holds. On
the other hand, it is clear that for n > r we have

|an| > constant xy"~"(n +1)".

Thus, if (11) is to hold for all n > r, we must have a > v = /3% — 1.

The other constant C(r, ) in (11) is of lesser importance, and the estimate
given in (12) is probably not optimal. However, there is a simple example which
at least explains the presence of the principal term, namely rl. Fixr > 0, 8> 1,

and set
o = grl ifn=r,
" 00 ifn#r.

Then, evidently u, = v, = 0 for all n < r, while for n > r we have
n
{tn|, lvn] < <T)ﬂr1"! <[ n+1).
Thus (10) holds for all n. If (11) is to be valid for all n > r, then in particular it

holds for n = r, and so we must have C(r, ) > §"rl.
For the proof of Theorem 5.1, we shall need the foliowing simple estimate.



316 I. CHALENDAR, K. KELLAY AND T. RANSFORD Isr. J. Math.

LEMMA 5.2: Let m,r be integers with m > 1 and r > 0. Then

1 (% sinmd

r+1 { =
9 < {1+logm, ifr=0,

P sin @ m’, ifr>1.

Proof: Note first that

sinmé

- — e—i(m—1)9 + e—i(m—3)0 4ot ei(m—l)el
sin @

In particular, it follows that, for each 8 € {0, 2x],

sinm@
\ - l <m
sin@

We start with the case 7 = 0. In this case,

27 T/2) o
_}_ sinmé d _2/ ‘smm@ &b
2

sin @
/ ‘sm m7rt/2
sin(7t/2)

l/m 1 1
S/ mdt-l-/ —dt
0 l/mt

=1+ logm.

sinf

Next, for the case r = 1, we observe that

(sir}n;(;?)2 _ (e—i(m—l)() feHm=38 L4 ei(m—1)0)2
sin
— e—2i(m—l)9 + 26—2i(m—2)9 g mA 4+ e2i(m-—1)9,

and thus we actually have the equality

1 [? /sinmf\2
E/o (sin0) d9 =m.

Finally, the case r > 2 follows by remarking that

r+1 1 [?"/sinmb\2 ,_; L
< — L = Tl = T_
d9_27r/ (sin0)m df = mm m ]

1 27
2

sinmé

sin 6

Proof of Theorem 5.1: The even values of n interact with the odd values neither
in the hypothesis (10) nor in the conclusion (11). The two can thus be treated
separately, and there is no loss of generality in supposing, for example, that
a, = 0 for all odd n. In this case we have v, = 0 for all n.
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For z € C, define

o0 oo . n oo _1 "’U,n .
a(z)=z_:0n Z:—' and c(z)=§%——z.

As in the proof of Theorem 1.1, a, b, ¢ are entire functions of exponential type at
most 3, and
a(z) = e *b(z) = €*c(z) (z € C).

Also, as before, their respective Laplace transforms A, B, C are holomorphic on
Re( > 3, and on this half-plane satisfy

00 —1)™u,
0= BO=Y i clo=3 Ch
n=0 n=0

and
A(Q)=B(+1)=C((-1).

Thus, B, C extend holomorphically to {|¢| > 8}, and hence A extends holomor-
phically to {|¢+1| > B}uU{|¢~1]| > B}. In particular, A is holomorphic {|{| > a},
where a = /2 — 1. This implies straightaway that

(13) limsup |a,|/™ < a.

n—oc

Our aim now is to improve this estimate.
Fix n > 0, and let m be the smallest integer such that m > n/2. Take also
o > f3, and set p = Vo2 — 1. Consider the integral

=k - () s

On the one hand, substituting into I the formula A({) = Y 4o, ax/¢*! and
integrating term by term (which is legitimate, by (13), since p > ), we find that

/ 3P 2m) ch_k—ldﬁ:an.
27” IKl=p

On the other hand, we can estimate |I| by

n< g [ - (8) " e ag
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Now, writing ¢ = ipe'?, we have

2m r+1
-(2)

— Il e~2zm9|r+l
Also, if |{| = p and Re( > 0, then

oo . k 1
A= 1B+ Dl < Z “|C ‘IF 1k||k+1 - Z [|3C+ :|_k+1

[o 9]

Z Bk +1)-- (k+7) r!

r+1

|2 sin mé)|

C+1|’“+1 K+ 1UA=a/[¢+ 1

_ r!|< +17 TS+ o)
(C+1—o)+t —  (C+1F o)+t
Writing ¢ = ipe?’ again, we have

|C+1|2 :1+P2+2p|sinal < 2(1+P2) = 202

and
I+ 12 =02 =1+ p?® + 2p|sinb| — 0 = |2psind|.

Hence
lA(ol < ?"!(\/QO’)T(\/iO'-*-O')T-*-l _ T!(\/i)'(\/i—l- 1)r+10.2r+1'
- |2psin g|7+1 |2psin 6]7+1
We obtain the same estimate for [¢| = p and Re{ < 0 by repeating the argument
with B(() replaced by C(¢). Combining all these estimates, we deduce that
2m T
IIIS—l'/ |2$1n glr—H( (\/_) (‘/_+1)r+1 2+1)p"pd0
27 Jo

|2psin Om+1
r+1

sinm@

_Tl(\/—)r(\/_+1)r+l 2r+1 o r217r /2"

If we let ¢ — 3, then p — «, and thus, for n > 7,

lan| < FI(V2) (V2 + 1) gE g r2l7r /2"

sin @

41
df.

sinm@

sin @
Now, by Lemma 5.2, for n > r > 1 we have
1 [ r+1 n+2\" n+2\"
<m'<|[—=} <277 r( )
dd<m _( 2 ) <27"(n+1) o
<27+ 1)"(14+1/r)" <27"(n+1)"e
whilst if r = 0 then, for all n > 0,

1 2m

o
Substituting these estimates into the preceding inequality for |a,|, we finally
obtain (11). This completes the proof. |

sinm#

% 0 sinf

sinm#b

2
‘dO <1+logm < 1+log(%) <1+log(n+1).

sin @
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6. Concluding remarks and questions

(i) Theorem 1.1 remains true if we replace (1) by

zn: (Z)ak =0 (I=1,...,q),

k=0
k=! (mod q)

provided that g is an integer with ¢ > 3 (note that (1) is simply the case ¢ = 2).
The proof is essentially the same as that in §2, but now using a (slightly eas-
ier) variant of the Phragmén-Lindel6f principle, where one assumes polynomial
growth of f along the half-lines arg(z) = 2nl/q (I = 1,...,q). We omit the
details.

There is likewise an analogue of Theorem 5.1 for ¢ > 3, in which « is now the
smallest radius such that

q
{16l > ay € |G I — e/ > gy,

=1

a = 1/ B2 —sin®(7/q) — cos(n/q).

Notice that @ — (8 — 1) as ¢ = co.
(ii) The result mentioned in (i) above leads to an analogue of Theorem 3.2 for

namely,

each ¢ > 3, i.e. a sufficient condition for 77 to have a non-trivial closed invariant
subspace. This raises a question. Do the hypotheses of Theorem 3.2 imply the
existence of a non-trivial closed invariant subspace, not just for 72, but for T
itself?

(iii) Is the presence of log(n + 1) in (11) really necessary? We suspect not.
Perhaps it could be eliminated by a judicious application of the theory of singular
integrals.

(iv) Theorem 5.1 treats rates of growth of the form 8™(n+1)". However, there
are other intermediate rates of growth which are also of interest. For example, in
view of the work of Atzmon [2], it is natural to ask what one can conclude about
(a,) from the hypothesis that u,,v, = O(evV™). The first part of the proof of
Theorem 5.1 (up to (13)) shows that, necessarily, |a,|'/™ — 0. Is it possible to
say more?
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